An effective potential of electron-electron interaction and a two-particle "density-density" correlator are calculated for semi-infinite jellium. Their asymptotics at large distances between electrons are studied in a plane parallel to the surface.
The model
The semi-infinite jellium is a neutral system of dynamical electrons in a background of uniform positive ionic charge density + restricted division plane (surface) z = −d:
where θ(t) is Heaviside function:
θ(t) = 1, t > 0, 0, t < 0, c P.P.Kostrobij, B.M.Markovych n is uniform electron density, n = (4πr 3 S /3) −1 , r S is the radius in atomic units of the sphere which encloses one unit of electron charge; d > 0 is a parameter self-consistently defined from the condition of electrical neutrality
where (z) is an electron density. We suppose that the ionic system forms a surface potential for electrons which does not allow them to abandon the surface. This surface potential is modelled as follows:
Such a model correctly represents a real situation from physical viewpoint and it admits analytical solutions of the corresponding Schrödinger equation.
Eigenfunctions and eigenvalues of this potential are
where L determines the area of the change of the electron coordinate normal to the surface z ∈ [−L/2, +∞), and L → ∞ so that a thermodynamical boundary takes place. Allowing for this, the surface potential V (z) is the following function:
where p is a two-dimensional wave-vector of electron in the plane parallel to the surface. In the secondary quantization representation constructed on the wave function (5), Hamiltonian of the system is as follows:
where
is Hamiltonian of the system without reference to Coulomb interaction between electrons,
is a mixed Fourier-representation of local density of electrons:
, a α (p) are operators of electron creation and destruction in the state (p, α) such that the standard commutation relationships take place
is the operator of particle quantity; the prime on the sum in the formula (6) denotes the absence of summands at q = 0 which is caused by the condition of electrical neutrality (2).
Effective potential of electron-electron interaction
Effective potential of electron-electron interaction is a solution of the integral equation (see, for example, [6, 7] )
is a two-particle "density-density" correlator in the approach of ideal exchange in the case of low temperatures (βµ 1, where β is a reciprocal thermodynamical temperature, µ is a chemical potential of electron),
Sp e −β(H0−µN ) .
Calculation of M(q|z, z )
Consider the coordinate representation of the correlator
where J 0 (x) is a cylindrical Bessel function, r is the distance between electrons in the plane parallel to the surface, M(q|z, z ) is the correlator in (q, z)-representation and according to [8] it takes the following form
is the polarization operator. Taking the summation with respect to p in (14) we obtain the following expression for Λ α1,α2 (q)
where p F is Fermi wave-vector, p F = √ 2mµ/ . Consider some approximation allowing us to obtain analytical expressions for the two-particle correlator M(q|z, z ).
A mirror electron scattering approximation
Regard that the polarization operator is diagonal, i.e.
Physically it means that we take into account only the mirror electron scattering normal to the surface. Then the correlator (13) takes the following form
In the expression (18) we use the approach of "constant density" [7, 8] , i.e. we regard
Then the summation over α in the expression (18) can be done analytically. And thus we get for M(q|z, z ):
Nonmirror electron scattering
Let the condition be satisfied
that takes place in the case of large q (small distances between electrons on the surface) or in the case of small q under the condition α 
where we have done the approximation q 2 − α
Taking the summation over α 1 and α 2 in the expression (21) we get
Carrying out the inverse Fourier-transform and allowing for [11] ∞ 0 dq e −q|z−z | J 0 (qr) = 1
we get the correlator in the coordinate representation
The obtained expression (23) shows that the approximation (20) leads to a physically correct result, namely, the image forces and collective effects (the analogue of Friedel oscillations for homogeneous electron gas) are taken into account.
In figure 1 and figure 2 the results of numerical calculations of the correlator are presented in a dimensionless form: In figure 1 the approximation (20) proposed herein leads to a qualitatively correct dependence of the correlator on normal coordinates of electrons. However, there is disagreement with data of numerical calculations, namely, lesser amplitudes of oscillations and stronger repulsion of electrons. We can see in figure 2 that the approximation (20) does not allow for oscillations in the coordinate r. Near the surface (see figure 2a) there is a good agreement of numerical calculation data with the analytical expression (23) and at the removal from the surface (see figure 2b ) there is observed a major departure because the expression (23) gives too strong repulsion of electrons. Figure 2c and figure 2d present the tabulated correlator (23) and data of its numerical calculations. Calculations show that the shorter the distance between the electrons and the surface is, the lesser is the correlation between them. This is clear from the physical viewpoint since that electron density near the surface is smaller in average. 
Calculation of the effective potential of electron-electron interaction
Consider the case corresponding only to mirror electron scattering in the two-particle "densitydensity" correlator (19). Then equation (10) takes the form g(q|z 1 , z 2 ) = 2πe
where κ TF is an inverse Thomas-Fermi radius of screening, κ 2 TF = 4p F /(πa B ). Such type of equation is solved analytically (see, for example, [8] ) and its solution is as follows 
. If we pass to the limit q → 0 in Lindhard function L (q/(2p F )) then the solution (25) agrees with the effective potential of electron interaction g TF (q|z 1 , z 2 ) obtained in the works [7, 8] in Thomas-Fermi approximation.
Take the inverse Fourier transform of the effective potential of electron interaction
where r is the distance between electrons. Asymptotics of the effective potential of electron-electron interaction g(r, z 1 , z 2 ) under r → ∞ is
The found expression (27) agrees in form with the result of the work [12] . However, the expression for function φ has been obtained first.
The asymptotics of the effective potential (27) is presented in figure 3 as well as the results of numerical calculation of the formula (26), where the expressions (25) and (25) in ThomasFermi approximation are taken as an effective potential g(q|z 1 , z 2 ). It is shown in figure 3 that in Thomas-Fermi approximation the oscillations vanish but it corresponds to the qualitatively correct behaviour of the effective potential. For z 1 , z 2 0 (occurring far from the surface in jellium, see figure 3b ) the asymptotics presents well the potential behaviour under r > 5a B . The effective potential for electrons occurring outside the near-surface area has a strongly repulsive character (see figure 3c,d ) and the oscillations vanish (see figure 3d ). This is physically clear because electron density is lesser than the one outside the near-surface area. So the collective effects are weak and the electrons interact according to the law similar to the Coulomb law. This fact is represented in figure 4 , where Fourier-image of the effective potential (25) is illustrated as well as its Thomas-Fermi approximation at r = 0.
In figure 4a and figure 4b the effective potential of electron-electron interaction is shown as the function of the normal coordinate of one of electrons and another one occurs at z 2 = −5a B (figure 4a) and z 2 = 0 (figure 4b). These figures show that the effective potential obtained by numerical solution of the integral equation (10) oscillates (solid line) and the neglect of electron scattering along the normal to the surface leads to the absence of the effective potential oscillations along the normal while there are oscillations in the plane parallel to the surface (see figures 3a,b,d) . Figure 5 presents a comparison of the numerical solution of the integral equation (10), the results of the work [6] and Coulomb potential. As follows from this figure, there is observed a qualitative agreement between the results of our calculations and the results of the work [6] . However, the effective potential in the work [6] decreases faster to zero and there is no oscillation. In our opinion, the collective effects being insufficiently taken into account are responsible for this situation.
All the calculations in the paper have been made for r S = 2a B . 
Conclusion
In the work numerical calculations have been carried out for the two-particle "density-density" correlator M and analytical approximating expressions have been proposed for M which agree well with the results of numerical calculations.
The obtained analytical expressions allow us to investigate the asymptotic behaviour for both M at large distances between electrons (r → ∞): The obtained analytical expression for M in the case of the mirror electron scattering approximation makes it possible to analytically solve the integral equation for the effective potential of electron-electron interaction g taking into account both the effects of image forces and screening.
For the first time it is shown that the collective effects being correctly taken into account at numerically solving the integral equation for the effective potential of electron-electron interaction lead to the oscillations of the effective potential. It is shown that numerical results for g [6] correspond to the mirror electron scattering approximation for g (25).
